In mathematics, as in any scientific research, we find two tendencies present. On the one hand, the tendency toward abstraction seeks to crystallize the logical relations inherent in the maze of material that is being studied, and to correlate the material in a systematic and orderly manner. On the other hand, the tendency toward intuitive understanding fosters a more immediate grasp of the objects one studies, a live rapport with them, so to speak, which stresses the concrete meaning of their relations.
As to geometry, in particular, the abstract tendency has here led to the magnificent systematic theories of Algebraic Geometry, of Riemannian Geometry, and of Topology; these theories make extensive use of abstract reasoning and symbolic calculation in the sense of algebra. Notwithstanding this, it is still as true today as it ever was that intuitive understanding plays a major role in geometry. And such concrete intuition is of great value not only for the research worker, but also for anyone who wishes to study and appreciate the results of research in geometry. (David Hilbert, in Hilbert and Cohn-Vossen, 1932/1983, p. iii; italics in original) It's a thing that non-mathematicians don't realize. Mathematics is actually an aesthetic subject almost entirely. (John Conway, in Spencer, 2001, p. 165) The artist and scientist both live within and play active roles in constructing human mental and physical landscapes. That they should share structural intuitions is less surprising than inevitable. What is surprising and wonderful is how these intuitions have manifested themselves in the works of innovative artists and scientists in culturally apposite ways. (Kemp, 2000, p. 7) The authors quoted above all stress the importance of the deep experience of meanings. It is these experiences in geometry (and indeed in all of mathematics, as well as in art and engineering) that we believe deserve to be called aesthetic experiences. Mathematics is a natural and deep part of human experience and experiences of meaning in mathematics should be accessible to everyone. Much of mathematics is not accessible through formal approaches except to those with specialized learning. However, through the use of non-formal experience and geometric imagery, many levels of meaning in mathematics can be opened up in a way that most people can experience and find intellectually challenging and stimulating.
A formal proof, as we normally conceive of it, is not the goal of mathematics-it is a tool, a means to an end. The goal is to understand meanings. Without understanding, we will never be satisfied-with understanding, we want to expand the meanings and to communicate them to others (see also Thurston, 1994) . Many formal aspects of mathematics have now been mechanized and this mechanization is widely available on personal computers or even on hand-held calculators, but the experience of meaning in mathematics is still a human enterprise. Experiencing meanings is vital for anyone who wishes to understand mathematics or anyone wanting to understand something in their experience by means of the vehicle of mathematics. We observe in ourselves and in our students that such experiencing of meaning is, at its core, an aesthetic experience.
In this chapter, we recount some stories of our experience of meanings in geometry and art. David's story starts with art and ends with geometry, while Daina's story starts with geometry and ends with art. However, the bulk of what follows we both share.
David's Story: from Art to Mathematics
I have always loved geometry and have been thinking about geometric kinds of things ever since I was very young, as evidenced by a drawing I made when I was six years old (see Figure 1 overleaf) .
The drawing is of a cat drawing a picture of a cat (who is presumably drawing a picture of a cat …). Notice the perspective from the point of view of the cat-for example, the drawing shows the underside of the table. I was already experiencing geometric meanings. But I did not realize then that the geometry that I experienced was mathematics or even that it was called 'geometry'. I did not call it 'geometry' -I called it 'drawing' or 'design' or perhaps failed to call it anything at all and just did it. I did not like mathematics in school, because it seemed very dead to me-just memorizing techniques for computing things and I was not very good at memorizing. I especially did not like my high-school geometry course, with its formal, two-column proofs.
However, I kept on doing geometry in various forms: in art classes, in carpentry, by woodcarving, when out exploring nature or by becoming
